Abstract. The density topologies with respect to measure and category are motivation to consider the density topologies with respect to invariant σ-ideals on R. The properties of such topologies, including the separation axioms, are studied.
The concept of the density topology
Let X ∈ L. We say that 0 is a Lebesgue density point of X if lim h→0 + l(X ∩ [−h, h])/(2h) = 1. It is not difficult to check that the last assertion is equivalent to the statement saying that lim n→∞ l(nX ∩ [−1, 1]) = 2. This is equivalent to the fact that the sequence of characteristic function {f n } n∈N = {χ nX∩ [−1,1] : n ∈ N} tends in measure to χ [−1,1] (see [15] ). Using the Riesz theorem, we obtain that the sequence {f n } n∈N converges with respect to the σ-ideal of the Lebesgue null sets. It means that every subsequence of the sequence {f n } n∈N contains subsequence convergent to χ [−1,1] almost everywhere.
The concept of convergence with respect to a σ-ideal (see [14] ) enables one to introduce a density point with respect to the Baire category (see [13] , [15] , [16] ). We extend this concept to consider the density topologies with respect to invariant σ-ideals. Definition 1.4. We shall say that 0 is a J -density point of an S-measurable set X if and only if the sequence of characteristic functions {χ nX∩ [−1,1] : n ∈ N} is convergent with respect to the σ-ideal J to the characteristic function χ [−1,1] (it means that every subsequence of the sequence χ [−1,1] contains a subsequence convergent to χ [−1,1] everywhere except for a set belonging to J .
A point x 0 ∈ R is a J -density point of a set X ∈ S if and only if 0 is a J -density point of the set X − x 0 .
For each X ∈ S, we define Φ J (X) = {x ∈ R : x is a J -density point of X}.
The following property is an easy and useful characterization of the fact that 0 is a J -density point of the set X.
Lemma 1.5 (cf. [3] , [15] 
It is clear that the last condition has the form
Directly from the definition of a J -density point we have Proposition 1.6. For every S-measurable set X, every positive integer n and every real number a, if x ∈ Φ J (X), then nx ∈ Φ J (nX) and (x + a) ∈ Φ J (X + a).
Proposition 1.7. For any S-measurable sets X and Y , if X ⊂ Y , then
As a consequence of the definition of a J -density point we have for each σ-ideal J ⊂ S the following three propositions: Proposition 1.8. For any S-measurable sets X and Y , the following conditions hold:
We define the family T J of S-measurable sets by
Propositions 1.6 and 1.8 imply Proposition 1.9. The family T J has the following properties:
4.
T J is invariant with respect to each operation of the form nx + a where n ∈ N and a ∈ R.
We are also pointing out the following
It is obvious that, for every increasing sequence {n i } i∈N of positive integers,
This means that x 0 is a J -density point of V . Since x 0 is an arbitrary point, we conclude that V ∈ T J .
Although the family T J containing ∅ and R is closed under finite intersections, it need not be a topology on the real line. Example 1.11. Let us consider the pair (B, J ω ). Obviously (B, J ω ) is an invariant pair. However, the family T Jω = {X ∈ B : X ⊂ Φ Jω (X)} is not a topology.
To prove this, we use the example given in Lemma 2.18 from [3] . Namely, there exists a perfect set C ⊂ R such that each number x ∈ C is a J ω -density point of the set R\C. Simultaneously, by Proposition 1.10, we have that
Motivated by this example, we introduce the following Definition 1.12. If the family
forms a topology, then T J is called the J -density topology associated with the pair (S, J ) or the J -density topology generated by the pair (S, J ).
ant and, by Propositions 1.7 and 1.9, we conclude that the family T J is a J -density topology associated with the pair (2 R , J ).
The whole difficulty to prove that an invariant pair (S, J ) generates a J -density topology lies in the verification whether the family T J is closed under an arbitrary union. In Example 1.13 we could avoid this difficulty because of the fact that S = 2 R . In some cases, the following property of the operator Φ J is very useful. We denote it by IV along to the properties I-III in Proposition 1.8.
IV. For every S-measurable
It is an analogue of the classical Lebesgue density theorem in the abstract sense when we consider the density with respect to an invariant σ-ideal J . Proposition 1.14 (cf. [1] ). The following conditions are equivalent:
By Proposition 1.14, condition IV can be interpreted as: J -almost every point of every S-measurable set is a J -density point of that set. Definition 1.15. We say that an invariant pair (S, J ) has the J -density property if condition IV is satisfied.
The J -density property for a pair (S, J ) implies that for every X ∈ S we have Φ J (X) ∈ S.
Operator Φ J satisfying conditions I-IV is called, in the lifting theory, the lower density operator on (R, S, J ). Thus in the context of Proposition 6.37 and Theorem 6.39 from [10] we have There are two fundamental examples in which, by Theorem 1.16, we get the abstract density topologies. Example 1.18. Let S = L and J = L. It is well known that the pair (S, J ) is invariant. Also, (S, J ) satisfies c.c.c. Moreover, for each set X ∈ S, Φ J (X) is the set of density points of X. By the Lebesgue density theorem, we have that X ∼ Φ J (X) and thus, by Theorem 1.16, the family
is a topology known as the density topology, usually labelled by T d and called the d-topology(see [4] , [5] ). Example 1.19. Let S = Ba and J = K. The pair (S, J ) is invariant and satisfies c.c.c. We easily conclude that, for each set V ∈ T 0 , V ⊂ Φ J (V ) ⊂ V (see [15] ). Since V \V is a meager set, we have that
It is a category analogue of the density topology (see [13] , [3] ). In the literature on that topic, it is known as the I-density topology. By that reason we shall denote it is the sequel by T I .
Further examples of the J -density topologies generated by invariant pairs (S, J ) having the J -density property are included in [1] . They concern product σ-ideals, and σ-algebras on the plane, related to them.
The J -density property for the pairs (S, J ) in Examples 1.18 and 1.19 plays an important role in deriving the J -density topology by a lower density operator. We consider an example convincing us that the J -density property of the pair (S, J ) is not necessary for the operator Φ J to induce the J -density topology.
First, we pay attention to the following
is invariant and yields the J -density topology
Proof. It is clear that the pair (S, J ) is invariant. To prove that T J = ∞ n=1 T Jn , it is sufficient to observe that, for each X ∈ S, we have
For every positive integer n, J ⊂ J n . This implies that
Let {n i } i∈N be an arbitrary sequence of positive integers. We prove that there exists a subsequence
, we can construct, by induction, a sequence of sequences {n 
A m ∈ J , we conclude that x is a J -density point of X. Hence x ∈ Φ J (X). Now, we have
It follows that T J is a topology as the intersection of topologies and, at the same time,
invariant. By Examples 1.18, 1.19 and Lemma 1.20 the pair (S, J ) generates the J -density topology T J for which T J = T d ∩ T I . We point out that the pair (S, J ) does not possess the J -density property. Namely, let Borel sets A and B be a decomposition of reals, such that A ∈ L, B ∈ K (see [12] ).
Then A ∈ S and A / ∈ J . By Lemma 1.20, we have
It is also true in this example that:
This example shows that the J -density property is not necessary to assert that an invariant pair (S, J ) yields the J -density topology. This is a motivation for considering the J -density topology related to an invariant pair (S, J ) without the J -density property.
We have the following
Observation 1.23. For every invariant σ-ideal J , there exists the smallest σ-algebra S(J ) such that (S(J ), J ) is an invariant pair generating the J -density topology.
Proof. Let {S t } t∈T be the family of all invariant σ-algebras such that, for each t ∈ T , the pair (S t , J ) is invariant and yields the J -density topology T t J . We see that T = ∅ because, by Example 1.13, the pair (2 R , J ) is invariant and yields the J -density topology. Putting S(J ) = t∈T S t , we have that the pair (S(J ), J ) is invariant and
The last assertion means that the pair (S(J ), J ) induces the J -density topology. 
Remark 1.24. By the definition of the invariant pair (S(J ), J ), it is clear that
B M J ⊂ S(J ) ⊂ 2 R . In Examples 1.18 and 1.19 we see that if J = L or J = K, then S(J ) = B M J . Also, for J = K ∩ L, from) = B = B M J . Simultaneously, S(J ) ⊂ B M (K ∩ L). Thus S(J ) = 2 R . Problem 1.25. Does there exist an invariant σ-ideal J such that S(J ) = 2 R ?
Properties of the density topologies
In the definition of the J -density topology T J generated by an invariant pair (S, J ), only some S-measurable sets are taken under consideration: namely, an
Other S-measurable sets are not members of the family T J . In this context, the natural question arises:
How can we decrease the σ-algebra S in the sense of inclusion to another σ-algebra S ⊂ S such that the pair (S , J ) is invariant and yields the J -density topology T J which is identical with the J -density topology T J ? Proof. Necessity.
S is the σ-algebra of all sets having the Baire property with respect to the topology T J . Because J ⊂ S and T J ⊂ S, we see that condition 1 is satisfied. By Proposition 1.9, we see that the family T J is invariant with respect to every linear operation of the form nx + a where n is a positive integer and a is an arbitrary real number. It implies that the pair (S , J ) is invariant. Now, we prove that the pair (S , J ) has the J -density property.
Since S is a σ-algebra, we conclude, by Proposition 1.14 that X ∼ Φ J (X) for any X ∈ S . Hence the pair (S , J ) has the J -density property. Further, we prove condition 4. It is sufficient to establish that
Thus we conclude that T J is a topology and, by the definition of the family T J , we see that it is the J -density topology associated with the pair (S , J ). Sufficiency. Let us consider the pair (S , J ) satisfying conditions 1-4. By condition 2, we can define the family T J with respect to the pair (S , J ). Condition 4 guarantees that T J is the J -density topology associated with the pair (S , J ). Condition 3 implies that the topology T J is induced by the lower operator Φ J and thus, by Theorem 1.17 the family K(T J ) of meager sets with respect to the topology T J is identical with the σ-ideal J . The equality
Remark 2.2. There exists an example of an invariant pair (S, J ) without the J -density property for which there exists a σ-algebra S ⊂ S such that the pair (S , J ) is invariant and has the J -density property. This example is based on an extension of Lebesgue measure (see [6] , [8] ). 
Proposition 2.3. If (S, J ) is an invariant pair generating the J -density topology T J , such that K(T J ) = J , then the smallest σ-algebra S(J ) such that the invariant pair (S(J ), J ) generates the J -density topology identical with T J is equal to Ba(T J ).

Proof. By the proof of Theorem 2.1, we conclude that S(J ) ⊂ T J M J . Since T J ⊂ S(J ) and J ⊂ S(J ), we have that T J M J ⊂ S(J ). Thus S(J
) = T J M J = T J M K(T J ) = Ba(T J ).
Proposition 2.4. If (S, J ) is an invariant pair generating the J -density topology T J , then
1. B M J ⊂ T J M K(T J ), 2. B M J ⊂ S(J ) ⊂ S. Moreover,
Now, we estimate the cardinality of S(J ). We need the following lemmas:
Proof. Let x ∈ Φ J 0 (X). Thus 0 is a J 0 -density point of the set X − x. From Lemma 1.5 we easily conclude that 0 ∈ X − x. Thus x ∈ X. Lemma 2.7. There exists a nonempty perfect set F ⊂ R such that
Proof. Let H be any Hamel basis of the space of reals over the field of rational numbers, containing a nonempty perfect set F (see [9] ). Since R\F ∈ T 0 , Proposition 1.10 gives that R\F ⊂ Φ J 0 (R\F ). We have to prove that each point x ∈ F is a J 0 -density point of (R\F ) ∪ {x}. Let {n k } k∈N be any increasing subsequence of positive integers. We show that
Let α ∈ [−1, 1]. Clearly, we may assume that α = 0. There exists at most one positive integer k such that α / ∈ n k ((R\F ) − x). Indeed, let us suppose that we have k 1 and k 2 such that
Since α = 0, we have z 1 = z 2 = x and
Since H is a Hamel basis, n k 1 = n k 2 = 0, contrary to the fact that n k 1 = n k 2 and, consequently, α ∈ ∞ l=1 ∞ k=l n k (((R\F )∪{x})−x). Therefore (R\F )∪ {x} ⊂ Φ J 0 ((R\F ) ∪ {x}). By the previous lemma, we have Φ J 0 ((R\F ) ∪ {x}) = (R\F ) ∪ {x}. Now we present some properties of the density topologies with respect to σ-ideals having some connections with measure and category. Definition 2.11. We shall say that a σ-ideal J ⊂ 2 R is controlled by mea-
Definition 2.12. We shall say that a σ-ideal J ⊂ 2 R is controlled by cat-
The following lemma will be useful in further considerations. Proof. By Theorem 2.14, the J -density topology T J generated by the pair (S(J ), J ) does not possess the J -density property since, otherwise, by Theorem 1.17, we would have that K(T J ) = J , contrary to the fact that J = K. Since S(J ) ⊂ S, we deduce that (S, J ) does not possess the J -density property.
It is worth observing that the property described in Theorem 2.14 does not hold in the case of the σ-ideal L considered instead of K. Indeed, let S = Ba ∩ L and J = K ∩ L. Then, by Corollary 2.15, we have that
For invariant σ-ideals containing L or K, we have the following
(S(J ), J ) has the J -density property,
where T J is the topology generated by the invariant pair (S(J ), J ).
Proof. Let us suppose that J ⊃ K. In the case of condition 1, it is sufficient to prove that the invariant pair (B M J , J ) yields the J -density topology. First of all, we notice that the pair (B M J , J ) has the J -density property.
Thus, by Proposition 1.8, the operator Φ J is a lower density operator.
Moreover, we prove that the pair (B M J , J ) satisfies countable chain condition (c.c.c.). In fact, it is clear that the pair (B, K) satisfies c.c.c. Let us suppose that the pair (B M J , J ) does not satisfy c.c.c. Then there exists a sequence {X α } α<ω 1 of pairwise disjoint sets such that, for each
contradicts the fact that the pair (B, K) satisfies c.c.c. Now, by Theorem 1.16, we deduce that the pair (B M J , J ) yields the J -density topology. In that way, S(J ) = B M J . The proof of condition 1 is completed. We see that it contains a proof of the fact that the pair (S(J ), J ) has the J -density property. Now, we prove condition 3. Necessity is obvious. Let us show sufficiency.
We only need to prove that J ⊂ K. Suppose that J \K = ∅. Let X ∈ J \K. We consider two cases:
contradicts the fact that X / ∈ B M K. The proof of the case that J ⊃ L runs in the same way.
The separation axioms of the density topologies
We are going to present some properties of the J -density topology T J in the aspect of separation axioms. Our results will mostly concern the σ-ideals controlled by measure and category. 
Let us notice that, for each α ∈ [−1, 1]\Q, the set
∈ R\Q . is at most a singleton. Indeed, suppose that there are i 1 , i 2 ∈ N, i 1 = i 2 , and α/n i 1 + x = q 1 and α/n i 2 + x = q 2 , q 1 , q 2 ∈ Q. Hence α(1/n i 1 − 1/n i 2 ) = q 1 −q 2 , contrary to the fact that α is an irrational number. Thus there exists a positive integer k ∈ A α such that, for i ≥ k, α/n i + x ∈ R\Q. Therefore α ∈ n i (R\Q) − x and the condition ( * ) is satisfied. We have obtained that Q is closed in an arbitrary topology T J .
Further, we prove that, for any x / ∈ Q, the sets {x} and Q cannot be separated by T J -open sets. Let us suppose that there exist x / ∈ Q and
It is clear that S(J ) ⊂ Ba, because the pair (Ba, J ) is invariant and yields the J -density topology. Since T J ⊂ S(J ) ⊂ Ba, the sets V x , V have the Baire property. Also,
Hence the nonempty sets V x and V are open in the I-density topology. This implies that V x / ∈ K and V / ∈ K. Now, we prove that each open set V in the I-density topology and containing a dense set D is residual. First, we show that, for every nonempty open set
there exist x ∈ V and a positive number δ, such that ( 
By Proposition 1.8 and 1.10, we have that
We see that the set Φ J (V ) has the Baire property. For every nonempty open set U , U ∩ V / ∈ J since, otherwise, Proof. According to Lemma 2.7 there exists a nonempty perfect set F such that, for each x ∈ F , we have V x = (R\F ) ∪ {x} ∈ T J . Hence the family {V x } x∈F is a covering of R, but it has no countable subcovering of R. Proof. Let T J be the J -density topology generated by an invariant pair (S, J ) and let T J 0 be the J 0 -density topology generated by the invariant pair (S(J ), J ). It is clear that S(J 0 ) ⊂ S. Lemma 2.13 implies that T J 0 ⊂ T J . Therefore it is sufficient to prove that the space (R, T J 0 ) is not separable.
Let X ⊂ R be a countable set. We show that there exists a nonempty set W ∈ T J 0 such that W ∩X = ∅. Of course, we may assume that X is infinite.
Let X = {x 1 , x 2 , . . . , x n , . . . }. Let us consider R as a vector space E over the field Q of all rational numbers. Let B be a Hamel basis of E. For any element x ∈ E we have the unique representation ∈ W is at most a singleton. Suppose to the contrary that there are n k 1 , n k 2 ⊂ A α and n k 1 = n k 2 . By definition of the set W , we have that α n k 1 + x ∈ lin(B(X)) and α n k 2 + x ∈ lin(B(X)).
Hence (n k 1 − n k 2 )x ∈ lin(B(X)).
Thus x ∈ lin(B(X)), contrary to the fact that x / ∈ lin(B(X)). Finally, there exists a positive integer j ∈ A α such that for k ≥ j, α/n k + x ∈ W . It implies that Hence I µ = J . At the same time, µ is an extension of Lebesgue measure l and the pair (S(J ), J ) is invariant. Moreover, for any n ∈ N, a ∈ R and X ∈ S(J ), we have µ(n X) = n µ(X) and µ(X + a) = µ(X). According to the above properties, we claim that a point x ∈ R is a µ-density point of a set X ∈ S(J ) if and only if it is a J -density point of X. Thus 
